MULTIPLE INTEGRALS - TASKS (I PART)

Double integrals-solving

Example 1.

2
Integrate J:[lx sdxdy if 0<x<I and 0<y<lI
+
D

Solution :

Here we are immediately given the limits of integrals, so we do not have to draw a picture and determine

them. It is always a question whether it is easier to work first “by x” and then “by y” or vice versa ...

Consider a little, and then start working ...

dx Some professors prefer to write as follows:

2 Lo 2
J:[ljyzdxdy:}[dy}[lf 5

D

2

e [

So, first solve the integral in brackets. He is "by x” and y are treated here as a constant!

jjl vy j( jd jH [ zdxja’

We'll solve it "on the side" ....

dxjdy You of course work as required by your professor ....
+ y

+y

1 3 1
szdx:x—
0 310

1
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Now this solution is reintroduced into the double integral:

Il xzzdxdy j[ Jd j1+ (lxzdxjdy:j[l: =

s 1+y
3(arctgl arcth =—(—— 0)= .

And this is solution.



Example 2.

Integrate Hxsin(x +y)xdy if 0<x<z and 0<y< %
D
Solution:
. 3 = (3
J-.[ xsin(x + y)dxdy = .[ xdxj sin(x + y)dy =J-x '[ sin(x+ y)dy |dx
D 0 0 0 0
The integral in brackets we will solve "on the side" :
3 z V4 T
I sin(x + y)dy =—cos(x+ y)|2 =—[cos(x +—)—cos(x+0)]=—[cos(x +—)—cos x]
0 0 2 2
From trigonometry we know that cos(x +%) =—sinx , so:
2 z
Isin(x +y)dy =—cos(x+ y)|2 =—cos(x+ %) —cos(x+0)]=—cos(x+ %) —cosx]=—-[—sinx—cosx]
0 0

=sinx+cosx

Let us return to the double integral:

z
2 g

sin(x + y)dy ='[x J.sin(x +y)dy |dx = '[x(sin X+ cos x)dx
0

0 0

T

J..[ xsin(x+ y)dxdy = .[ xdx
D 0

O 10 | N

Here we have a partial integration for both integrals :

< x=u sinxdx=dv
jx51nxdx:
0

= —xcosx—j(—cos X)dx =
x=du —cosx=v

T

=(—xcosx +sin x) 0 (-mcos+sinz)—(-0cos0+sin0)=-z(-1) =7




f x=u cosxdx=dv ) )

J-xcosxdxz i =xsmx—.[s1ndx:

0 dx=du sinx=v

=(xsinx+cosx)| =(zsinz+cosz)—(0sin0+cos0)=-1-1=-2

The solution will be:

T

s

2 T
sin(x + y)dy =_[x Isin(x +y)dy |dx = _[x(sin X+cosx)dx =

0 0 0

O o |y

” xsin(x + y)dxdy = _Txdx
D 0

As you view this double integral, we first solve “by y”” and then “by x”.
Would it be easier to have gone the other way around?
Let's see:

II method

2(x
J-.[ xsin(x+ y)dxdy = J-U xsin(x + y)dxj dy
D 0o\o0
We will solve the integral in brackets to the side, as vague, and we will add the border:

j xsin(x + y)dx=?
0

. x=u sin(x+y)dx=dv
jx sin(x + y)dx = =—-xcos(x+y)— j [—cos(x+ y)]|dx =
dx=du —cos(x+y)=v
=—xcos(x+ y)+sin(x+ y)

[~z cos(z + y)+sin(z + y)]-[-0cos(0+ y) +sin(0 + y)] =

xsin(x+ y)dx = —xcos(x+ y)+sin(x + y) 7(: =

| ow—x

—cos(z + y)+sin(z + y)—sin y

Vi

H xsin(x + y)dxdy = j[ xsin(x + y)dxj dy =

D

—zcos(z + y)+sin(z + y)—sin y)dy =

o'—.N\N

= (—zsin(z + y) —cos(z + y) +cos y) 2=

()

( msin(r +— ) cos(z + —) +cos %j —zsin(z +0)—cos(z +0) + cos 0) =

=7z—0+0—(0+1+1):H

Maybe a little faster ... It is essential that the solution is correct!



Example 3.
Integrate H xy’dxdy  ifthe area of integration is limited with parabola y* = 2x and line x :% :
D

Solution:

First, we will determine the sections and draw a picture:
The intersection is determined by solving the equation system:
V' =2x

1
X=—
2

y? =2%—>y2 :1—>y:i1—>M(%,—l)/\N(%,1)

A

y

Image helps us to determine area of integration ~ D:< ;2 (See previous file)

Now we have:

1 1
1 2 1| 2
I dyj xy’dx = I j xy’dx [dy  First solve the integral in brackets....

-1y -1y
2 2

H xydxdy =
D



We return to the double integral:

1

”xyzdxdy = jdyi xy’dx = j(é[)’z —y6]jdy =
D e -1

2
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Example 4.

Find .U«/x2 +y°dxdy ifarea D is given with x*+)* <a’
D

Solution:

Let's look at the picture:

In such cases, when circle 1s given, it is convenient to switch to polar coordinates:
X=rcose
y=rsing
J]=r
And then solve the integral:

z(x, y)dxdy = || z(rcos@,rsin@)|J|drdp = T dgor z(rcos @, rsin @)rdr
| /| Y

(2] 0



x2 + y2 — a2
(rcos@)’ +(rsing)’ =a’
r*(cos® @ +sin’ @) =a’> We know that cos” ¢ +sin* ¢ =1, so:

r’=a’—>r=a
So: r goes from 0 to a.
Itis clear that 0<¢@<2x

0<r<a

We have D'= and then :
0<p<2rn

Hmdxdy jdwj\/_rdr—j[j\/_rerdw j(j Zer

As always, we solve the integral in brackets:

a 3
I Pdr =
0 310

a a3

Now, we have :

jjmdxdy jd¢j\/_rdr—j[j\/_rdrj !(j rzerdgoz

0

27
0

2 2
fa’ a ’f 2za’

=£%d¢ Idco—%(p

a
=2 (27-0)=
3 7 (27-0)

0

Example S.

Calculate ﬂ Ja* —x*=y*dxdy ifarea D is limited with x>+ )* =a®, y=x,y=x+/3 in first quadrant.
D

Solution:

Picture:



We will use polar coordinates:

X=rcos@
y=rsing
]=r

xZ +y2 — aZ
(rcos @)’ +(rsing)’ =a’
r*(cos’ @ +sin’ @) = a’

rP=da’>r=a
So : 7 goes from 0 to a.

From lines y =x,y =x~/3 we will determine borders for ¢

To recall:

Line y=kx+n has direction coefficient & =rg¢p.
. T
From y=x1is k=1 ,so tg¢:1—>g0:z

From yzx\/g is k:\/g, SO tg(p:\/g_)(p:%

So we get that:
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Now we solve the integral:

Wy

Hmdxdy jjmdxdy jdgoj\/ﬁ

N
j.\/a2 —r*rdr =27
0
ai—rt=p (\/ﬁf
3 a —r
J.\/a2 —r? rdr =|-2rdr = 2tdt =I\/t—2(—t)dt=—.|.t2dt=—% N T

rdr = —tdt

)
I a’—r’ rdr=- 3
0

w N

Hmdx”ly ”mdxdy Idcojx/ﬁ rdr =

i
§a3 a 3 a3 T T a3 T a37z
[ 0L fap-2(5-5)- 22 |2
-3 3 313 4 312 [36
4 4
Example 6.
Calculate Ijdedy ifarea D is between the circles x*+y> =1 and
p Xty
Solution:
Picture:

We take polar coordinates:

X +y =e



x2+y2:1 )c2+y2:e2

X=rcosQ ) o , o,
y=rsing (rcosp)” +(rsing)” =1 (rcose)” +(rsing)” =e
J]=r r*(cos’ p+sin® @) =1 r*(cos’ p+sin® p) = ¢’

rP=1-r=1 rP=e’ >r=e

So, wehave 1<r<e

And 0<@<271 .

glnix:—yy )d dy = jd(ﬂjlnr /d —jd(ﬂjzlnr

Example 7.

Find nydxdy ,where area D is limited with Ox axis and circles arcs:
D

x’+y*=1 and x*+)°-2x=0 in the first quadrant.

Solution:
First to “pack” a circle, then find sections and draw a picture:

x4y -2x=0
¥ =2x+1-1+y>=0
(x=1Y>+y" =1

V3
2

The intersection is : x* +y* —2x=0A x>+’ =l—>l—2x=0—>x=%—>y:



This area must be divided into two parts:

Line that passes through the point of intersection circles and point O(0,0) is y=~/3x

\f

X=rcose
Again we pass to polar coordinates:  y=rsing
[7]=r

Forarea D, is:

¥ +y =1
(rcos)’ +(rsing)’ =1
r*(cos” @ +sin’ p) =1

rP=l-r=1

So: 0<r<l

The angle goes from x- axis to line y =~/3x, s0:0< ¢ S%

10



For area D, we have :

x4y -2x=0
(rcos @)’ +(rsing)’ —2rcosp =0
r*(cos’ @ +sin’ @) = 2rcos @

¥ =2rcos@ — r=2cos

So: 0<r<2cos¢

The angle goes from line y =+/3x toy—axes,so:%ﬁgpﬁ%
We have:
0<r<li 0<r<2cosg
D, : D, :
"o<p<Z 2 Zep<Z
3 2 3
As is:

Xy =rcos@-rsing=r’sin@cos @
integral will be:

z z
3 2

nydxdy = jdwjrz sin(ocosgo-rdr+jd(o j r*singcos@-rdr =
D 0 0

0

2cos@

3

1 % 2cosp
d¢jr3sin(pcos¢dr+jd(p j 7 sin g cos pdr
0 V3

0

S |y

3
Each will be solved and then we gather solution:

41 3
Sin(pCOS¢)d¢'% Ozij-sin(pcoswd(p

0

3

dp|r sinpcos@dr =

S |y
o —

S |y
O o |y

1
sin ¢ cos (pd(pj rdr =
0

sing =t 2 gin?
¢ :jtdt:%zsm 4

Isinwcos¢d¢:

cospdo = dt



1 % 4 .2 | T
sin(ocosgod(pj r3dr:Isin¢cos¢d¢-r— :lsm ¢ 3=
0 0 410 4 2 0

7 sin @ cos pdr =

do
1(.27[.2)1\/521(3) 3
=—|sin"——-sin" 0 |==—| — | ==| = |=|—=
8 3 8l 2 8\ 4 32

Now the second integral:

O o |y
o — —
O — | N

Va

01N

% 2cosp 2cos@ 2COS¢
jd(p j r sin(ocos¢dr:jsin(ocos¢d¢ I 3dr-jsmgocosgodgo —
’ 0 ’ o 41 0
3 3 3
3 s 3
jsmqmosgp 16C¥a@=4jsin(ocos5 pde =
3 3
First :
cosp=t 6
.[sm(ocos pdop = .go ——.[tsdtz L __L08 2 indnow
—sinpdp = dt 6
z T 6 T 6 T 1
2 COS()(D 5 CcOS E CcOS g a 1
4|singcos’ pdp=4| - =—4 —~ =—40-2]=|—
l pcos’ pdp — || = —H=-40-8]=|
; 3
Finally:
% 1 ﬁ 2cos@ 3 5
xydxdy = | dep|r°sinpcos@-rdr+ | d rrsingcos@-rdr =—+—=|—
ﬂ Y { ! peose I 4 I PO =30 " 96 ™ |48

3

And this would be the solution of our task. BUT!

WE have overlooked one thing!

Here there is another possible area!!

Let's look at the picture again:



And this area is limited given circles and x axis in the first quadrant!
Watch out for this, the task can be in two parts and that you are not tips by Professor
There we have:

1<r<2cos¢

l)3 . T
0<p<—
v 3
% 2cosp % 2cosp 9
nydxdyzj'd(o I r sin(ocosgo-rdrzj'dgo I 7 sin @ cos pdr = —
D 0 1 0 1 16
Example 8.

Calculate the value of the integral .[J' (y—x)dxdy if area is given with lines:
D

y=x+1
y=x-3
— Lyl
EE
1
=——=x+5
4 3
u=y-—x
tting that is:
putting that 1s V:y+%x

Solution:



To remind:

If x=x(u,v) and y=y(u,v)

J=—D<x’ Y) #0
D(u,v)

Formula is:

”Z(x, y)dxdy = Hz[x(u,v),y(u,v)]|J|dudv

Here we first referred to express the x and y:

U=y—x

Jv=3y+x

u+3v=4y —> y:—u+§v

—3u=-3y+3x
Jv=3y+x

SBu+3v=4x—>|x=——u+—v
4 4

Now we ask for the Jacobian:

303
‘D(x,y) 4 Z_‘_g_i_‘_z_‘_é‘_é
Dwyv)| |1 3| | 16 16| | 16/ | 4]
4 4
So: |J|=é
4

How to set boundaries for # and v ?



y=x-3 y—x=-3 u=-3
y——lx+Z y+lx—— 7

33 3; 5773 —>%9s5
y=——x+5 y+=—x=5 y=35

Now, we have:
1 3 3 3 3 1 3 3 3 3
'”(y—x)dxdy :-”((Zu +Zv)—(—zu +Zv)j-zdudv =£I£Zu+/24+zu—/zé)zdudv =

:.[;[u%dudv :J‘(%J;udujdv :%!K% _gjdv :%l(%—%}vzzl(—qalv =

W

5

5

=—3J- dv=-3v|7 :—3(5—%)=—3.§=
d L
3 3
3
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